Temperature-responsive hydrogels are polymer particles whose equilibrium size depends on the temperature of the water they are immersed in. Here we present an equivalent circuit model of a temperature-controlled microvalve based on hydrogel particles. The resulting network model consists of three physical subsystems. The thermal subsystem considers the heat capacities and thermal resistances of the layers of the valve and the coupling to the ambient environment. The polymeric subsystem describes the relaxation of the hydrogel particles to the temperature-dependent equilibrium size. The fluidic subsystem consists of the supply channel and a chamber whose cross section varies according to the size of the hydrogel particles. All subsystems are described and coupled within one single circuit. Thus the transient behavior of the valve can be calculated using a circuit simulator. Simulation results for a setup are presented and compared with experiments.
Introduction
Hydrogels consist of a network of crosslinked polymers that swell when put into water. The equilibrium size of a stimuli-sensitive hydrogel depends on a thermodynamic or chemical property of the aqueous solution in which it is placed. There are hydrogels which are sensitive to temperature, pH-value or the concentration of chemicals in the solution. By placing these hydrogels in a chamber, valves can be built that are controlled by means other than pneumatic actuation (Arndt et al., 2000) . A particularly promising application is the construction of hydrogel-based microvalves for flow control in labs-on-chips. In Beebe et al. (2000) a pHsensitive hydrogel was proposed for flow sorting. Baldi et al. (2003) constructed a hydrogel-valve which employs the concentration of glucose as a trigger. In Ehrenhofer et al. (2016) a hydrogel-valve in a switchable pore set-up was presented. In Paschew et al. (2016) a hydrogel-valve triggered by the concentration of 1-Propanol was used to build an autonomous chemofluidic oscillator circuit, demonstrating the feasibility of these smart valves for inherent feedback. The temperature-controlled hydrogel-based microvalve described by Richter et al. (2003 Richter et al. ( , 2004a has the advantages of simple setup, small dead volume, good particle tolerance, good sealing, easy miniaturization and integrability into microsystems.
Here we present a dynamic multi-physics model and simulation of this temperature-controlled valve and compare it with experimental measurements. The model can be used to calculate the dynamic response of the flow rate through the valve to the application of an arbitrary timedependent heating power. It gives insight and an understanding of the relevant (chemo-)physical processes. Based on the material and geometrical parameters of the design, it can be used for an optimization of the valve. Further it can be employed to access quantities that are difficult to obtain by experiment. In addition, it can be easily integrated into systems of more than one valve.
We utilize a network representation, that is, an equivalent circuit (Lenk et al., 2011) ), for the modeling of the valve. The network represents a system of coupled ordinary differential equations with variables grouped as difference coordinates or flow coordinates. It is a lumped model (also known as compact model) in the sense that an ''infinite-dimensional'' system characterized by (electric, magnetic, mechanical, acoustic, chemical, etc.) fields, whose evolution is determined by partial differential equations, is approximated by a small number of degrees of freedom and material and geometrical parameters. The gain is an often increased degree of intuitive handling and a faster simulation, at the cost of a potential decrease of accuracy or discretization artifacts. An important condition for the discretization process is, that the wavelengths of propagating signals must be at least four times as large as the largest dimension of the discretized elements. Equivalent circuits are abundant in the semiconductor industry for modeling and simulating electronic devices (Pierret and Sah, 1970a,b; Sah, 1970) . It is also interesting to note that the well-known Hodgkin-Huxley model of signal transduction in neurons is a network model (Hodgkin and Huxley, 1952) . Besides the application in electronics, circuits can also be applied to describe mechanical (Marschner et al., 2009 ), acoustic, fluidic or thermal processes. Typical elements of these circuits describe inertia, dissipation, storage and sources of the difference or flow coordinate. Their differential equations are isomorphic to those of inductors, resistors, capacitors, voltage sources and current sources in electronics, respectively. A particular strength of a network representation is the description of multi-physics systems in one single circuit (Marschner et al., 2013) , where the coupling of the domains is achieved via transducers. Compared to a textual representation by equations the network description has the advantage of a structural representation that is intuitive and easy to analyze, modify and augment. The system can be simulated efficiently by current circuit simulators. LTspice uses the SPICE kernel, a solver for ordinary differential equations that has been highly optimized in its more than 40 years of existence. In addition, the distribution of one single simulation task to several processor cores is supported (Brocard and Engelhardt, 2011) . The fast simulation time and the interface provided also facilitate parameter studies for design optimization or robustness studies for parameter variations with random distributions (e.g. due to the fabrication process). One trend on the way towards microfluidic design automation is the utilization of the electronic-hydraulic analogy for microfluidic circuit design (Li and Cheng, 2013; Oh et al., 2012; Perdigones et al., 2014) . Here, network models of components potentially play a big role, as they are easy to integrate into the context of microfluidic circuits.
We first outline the setup of the hydrogel-based microvalve. Then we successively describe the modeling of the thermal, polymeric and fluidic domains. Then implementation details for the simulation of the system with LTspice are discussed. The results of the simulation are compared with the experimentally measured behavior of the microvalve. We end the article with a conclusions section and an outlook of future work.
Microvalve construction
The microvalve (Figure 1 ) acts as a fluidic resistor whose resistance depends on the degree of swelling of the hydrogel particles employed. The hydrogel particles are placed in a chamber (3) formed by a structured Silicon layer (4) and a flat Pyrex cover plate (5). The hydrogels are fabricated from Poly(N-isopropylacrylamide), crosslinked by N,N-methylene-bisacrylamide. The temperature of the water in the chamber and the particles contained can be changed by a thin-film resistive heater (6) attached to the bottom of the Silicon layer. The temperature at the top of the Pyrex plate is measured via a thin-film resistive platinum sensor (7). Water is guided to the chamber via an inlet (1) and an outlet (2). Both inlet and outlet consist of a longer ''high'' main channel, and a short low channel across barriers which keep the gel particles in the chamber. When a constant pressure drop is applied between inlet and outlet, the resulting flowrate will depend on the opening between the layer of particles and the cover plate, which depends on the current size of the hydrogel particles in the chamber. The fabrication, operation and experimental characterization of the microvalve is explained in detail in Richter et al. (2003) , Richter et al. (2004a) and Richter et al. (2004b) . All relevant parameters of the microvalve used in this article are shown in Table 1 .
Thermal subsystem
The schematic of the whole circuit describing the three domains involved (thermal, polymeric, fluidic) is shown in Figure 2 . In the thermal subsystem the temperature is chosen as the difference coordinate and the flowrate I th = dQ th =dt of heat Q th as the flow coordinate in the equivalent circuit description. The heater acts as a driving power source, while the temperatures of the ground plate, hydrogel and cover plate are considered as independent state variables. The heater and sensor are produced in thin-film technology and therefore have negligible thermal resistances and capacitances. We first consider a vertical structure of three layers with base area 500mm 3 500mm. The thermal resistances of ground plate, water/hydrogel in the chamber and the Pyrex cover plate are designated by R th;g , R th;w and R th;py . The corresponding thermal capacitances are C th;g , C th;w and C th;py . The thermal resistance and capacitance of a component ''comp'' (ground plate, water and cover) are calculated by
and
where q D, comp is the temperature drop across the component, and I th;comp is the heat flow through the component. The geometry of the component is given by its length l comp , its cross section A comp and its volume V comp . The heat conductivity l comp and the volumetric heat capacity c comp are intrinsic material parameters.
In order to incorporate the thermal coupling of the valve to the ambient environment of temperature q amb '26:5 8 C we assume that the Si layer is dominant, since its thermal conductivity is a factor of more than a hundred higher than the other layers. The value of the thermal resistance R th;amb is calculated from the fact that at a heating power of 150mW the system is roughly at 34 8 C in the stationary state:
The thermal capacitance C th;amb to the ambient environment is estimated from the knowledge that the system initially heats up at a rate of about 1:4K=s when driven by a heat source of 380mW:
The input function of the thermal system is a timevariant power of the heater. The relevant responses are the temperature of the hydrogel (which initiates swelling and shrinking in the polymeric domain) and the temperature of the sensor (which is used for experimental readout).
Polymeric subsystem
Here we show how the change of temperature of the hydrogel particles is translated into a change of the filling height in the chamber. We first consider the behavior of a single gel particle. The swelling and shrinking of temperature-responsive hydrogels is caused by three processes. The elasticity of the polymer network causes retaining forces. The tendency of polymer chains to mix with the surrounding liquid has an expansive effect. In the case of PNIPAAm the interaction of the polymer molecules with the solvent molecules has a retaining effect whose strength is strongly influenced by temperature. The thermodynamic free energy E depends on these three effects and is a function of the volume V hg and temperature q hg of the particle. The equilibrium volume of the particle for a given temperature is at the minimum of the free energy. In this work we approximate the free energy by a parabolic function of V hg
where p eff is a temperature-dependent positive effective pressure and C p is the temperature-dependent polymeric compliance. The minimum of the free energy is located at
Gel swelling and shrinking is always accompanied by water leaving or entering the gel. Therefore the expression osmotic modulus is usually preferred in lieu of the term bulk modulus, which is common in the theory of elasticity (Doi, 2009 ). The osmotic modulus amounts to
From this derivation we also get
If the particles start out in an equilibrium state and the temperature of the gel is changed, K and C p change and the particle will be in a non-equilibrium state with V eq shifted to a different value. The particle volume will then gradually, obstructed by polymer-solvent friction, relax to its new equilibrium value, see Figure 3 .
To describe the time-dependence of the relaxation process, we consider a spherical particle and assume that all processes take place with spherical symmetry. The equilibrium radius of the sphere is denoted by r eq . The process is characterized by the radial displacement function uðr; tÞ which represents the amount by which every point of the polymer network at radius r in the reference frame (ranging from 0 to r eq ) is displaced radially from its equilibrium position. The parameters of the process are the modulus K and the polymer solvent friction coefficient f. According to the model by Tanaka and Fillmore (1979) , which is based on the theory of elasticity, the relaxation process of the particle from a non-equilibrium state to equilibrium is described by the following differential equation:
where the differential operatorB is defined bŷ
The boundary conditions are 
The operatorB has an orthonormal basis of eigenfunctions
r nðÀ1Þ n cosðk n rÞ k n r À sinðk n rÞ ðk n rÞ
with
The basis functions carry the (normalized) elastic energy
Any solution to equation (9) can be written in the form
with the relaxation time constants
where the G n are the initial amplitudes of the modes, determined by the initial conditions. In a circuit description these relaxation processes could be technically modeled by an infinite number of RC branches in parallel with different values of the capacitance in each branch. The charge on each capacitor would correspond to the instantaneous amplitude of the corresponding mode. However, here we aim to find a lumped model with only a single resistor and capacitor in series (see Figure 2 ). In the following we describe the choice of the values of the resistance and capacitance. . A hydrogel in equilibrium (circle) will be in a nonequilibrium state directly after changing the temperature. Then it will gradually relax to its new equilibrium volume (square).
Our basic simplification is, that the sphere always has homogeneous strain uðr; tÞ = GðtÞr=r eq ; ð18Þ
where GðtÞ is the time dependent magnitude. In the analogy of an electric capacitor that is loaded via a resistance, the volume V hg corresponds to the electric charge Q on the capacitor and the flowrate _ V hg corresponds to the electric current I. The polymeric resistance can be calculated from the power P dissipated by the system:
The power P can be calculated from the local friction during the expansion or contraction of the gel network
where F is the force density and v is the local velocity of the gel network. The dot denotes the derivative by time.
The flow rate of the liquid into the gel follows from the movement of the outer shell of the gel
This yields a resistance of
This results in a time constant of
Note that, in an analogy to equation (17), this t corresponds to the normalized elastic energy of a homogenously expanded sphere
The phase transition of PNIPAAm gels leads to a change of osmotic modulus K and equilibrium volume V eq . We assume a linear behavior in the transition range and constant values outside
and V eq ðq hg Þ = V 1 ðq hg \q 1 Þ; ð29Þ
Here K 1 , K 2 , V 1 and V 2 are the osmotic moduli and equilibrium volumes outside the transition region, respectively. Corresponding to V 1 and V 2 , we have gel radii of r 1 and r 2 . The positive constant K 0 and the negative constant V 0 are the slopes of the elastic modulus and equilibrium volume in the transition range. q 1 and q 2 denote the temperatures at which the transition starts and ends. A lower crosslinker density in the gel leads to a sharper phase transition (smaller width q 2 À q 1 ), lower K and higher swelling ratio V 2 =V 1 . We estimate the values of K 1 , K 2 , V 1 , V 2 , q 1 , q 2 from the PNIPAAm gel B, described by Hirotsu (1991) , where we neglect the dip of K observed before K starts to rise. The value f is estimated via f = K 1 =D from the osmotic modulus in the swollen state and the cooperative diffusion coefficient D = 4 Á 10 À11 m 2 =s given in Gehrke (1993) . The polymeric compliance amounts to
and the resistance RðV hg ðq hg ÞÞ ð33Þ from equation (22) is used. The circuit is driven by an external pressure source of p eff = Kðq hg Þ.
To calculate the filling height h fill in the chamber from the volume of a single gel particle we consider a number N of equal gel particles with volume V hg in the valve seat which has a base area of A ch . Then the filling height h fill can be approximated by
This height determines the opening state of the valve. For the modeling of the gel behavior once the full height of the chamber is reached, there are two basic options: Either an abrupt stop of the swelling is assumed and h fill is limited to the chamber height, or further relaxation of the hydrogels and partial swelling into the side channels is assumed. Here we follow the latter approach and take h fill as an internal state variable that can reach values higher then the chamber height. From a signal processing point of view, the polymeric system transforms a time-variant hydrogel temperature into a response of the filling height, which is the input for the fluidic system.
Fluidic subsystem
The fluidic subsystem considers the pressure p D over an element as the difference coordinate and volume flowrate q as the flow coordinate. We assume a constant pressure drop over the valve while we want to regulate the flowrate via a change of the valve state (see Figure 2 ). The volume flow through the valve is hindered by its fluidic friction. The valve resistance is due to the resistance of both the chamber and the connecting channels. Assuming laminar flow in an incompressible Newtonian fluid, the flowrate through a fluidic component can be calculated from the pressure drop and the fluidic resistance of the component via
For a rectangular cross section the fluidic resistance can be approximated via
where m is the dynamic viscosity of water, l comp is the length of the component, h comp is the height (small dimension) of the cross section and w comp is the width (large dimension) of the cross section (Bruus, 2008) . The resistance of the chamber depends on the filling height and is calculated via
In the shrunken state the gel particles fill the chamber up to a height of b = 140mm. The channels and connections leading to the chamber are frictive elements that act as a series fluidic resistance. As it is difficult to estimate the value of this series resistance by purely geometric means, we determine it by fitting the theoretical flow rate through the valve in the open state to experimental data. This yields a fluidic resistance of the channels of 4:29 3 10 14 Pa=ðm 3 sÞ.
The fluidic system has the filling height as the input function and the flow rate through the valve as the output function. In total, the successive combination of the three systems has four independent internal state variables (q g , q hg , q py and V hg ) and shows how the timevariant power of the heater is transformed into a timevariant flow rate.
Implementation
For the simulation of the dynamic behavior of the system the circuit simulation software LTspice was used. The thermal system could be implemented exactly as shown in the schematic (Figure 2) .
For the polymeric system (Figure 4 ) controlled sources were used to implement the pressure source, the variable resistor and the variable capacitance. The effective pressure source was implemented by an arbitrary behavioral voltage source using
The size-dependent polymeric resistance R p was implemented by an arbitrary behavioral current source using
where _ V R p is the flow through the resistor, which is equal to the flow into each hydrogel particle, p D, R p is the osmotic pressure drop due to friction and R p ðV eq ðq hg ÞÞ is calculated according to equation (22) . The variable capacitor is implemented as an arbitrary behavioral voltage source which integrates over the current flown into the hydrogel
This guarantees that charge that is accumulated on the variable capacitor is correctly accounted for when the value of he capacitance is switched. In the fluidic system the pressure source is implemented as a constant voltage source (see Figure 5) . The variable fluidic resistance of the chamber is implemented by an arbitrary behavioral current source using
In addition, auxiliary layers between the thermal domain and the polymeric domain, and between the polymeric domain and the fluidic domain were introduced. These are not shown here, as they have no influence on the device behavior and are solely used for the readout of the intermediate values V eq ; K; C p ; V hg ; r hg and h open .
Results and discussion
The circuit based model allows the calculation of all quantities (state variables) involved for a given input function of the heating power. It is noteworthy that quantities can be monitored in the simulation that are difficult or impossible to measure during the experiment, such as the size of the hydrogel particles or the flow of liquid into the hydrogel particles. The particle size is difficult to measure in situ for a number of reasons: First, though the Pyrex cover is transparent, the temperature sensor obstructs optical access. Second, the particles move during swelling and partially cover each other. Third, the particles and their boundaries become transparent during the swelling process. Figure 6 shows the simulated and measured response of the system to the input of the time-variant heating power. In the simulation, the heater was driven with a signal of period 60s (380mW for 8s, 150mW for 22s, 0mW for 30s (see Figure 6(a) ). Note, that in Richter et al. (2003) the phase of high power heating is mentioned to be 500ms. However, the experimental curve of the temperature sensor suggests a much longer heating time, such as taken for the simulation. This is an indication of secondary effects, for example, in the control of the heater, not included in the model. The temperature of the sensor reacts with the typical retardation known from RC low pass or first order lag elements (Figure 6(b) ). Once a threshold is crossed, the temperature change of the hydrogel leads to gel swelling or shrinking which is itself delayed due to the RCtype polymeric circuit (Figure 6(c) ). A size change of the gel is accompanied by a corresponding flow of liquid into or out of the gel (Figure 6(d) ). The size of the hydrogel particles determines the opening state of the chamber and therefore the flowrate through the valve (Figure 6(e) ). The control mechanism can be divided into two phases: (a) the time the thermal system needs to react to a changed heating power such that the temperature reaches the phase transition regime, and (b) the reaction phase of the hydrogel itself. As can be seen from the plots, the first mechanism is dominant.
The simulated sensor temperature curve shows that the experimental behavior could be captured quite well with a few lumped components. The remaining heating power. q sensor : sensor temperature. r hg : radius of hydrogel particle. dV hg =dt: flow rate of liquid into a hydrogel particle. q: flowrate through the valve. disagreement is most likely due to the fact that the system is in reality a distributed infinite-dimensional system, and that heat conduction to the ambient environment from other layers was neglected, and to the assumption of an idealized heater source.
The simulated valve flow rates are in good agreement with the experimental data. The larger width of the measured curves is probably due to the fact that for the gel characteristics values from Hirotsu (1991) where used (crosslinker density 2mol), since the gel used for the experimental setup (crosslinker density 4mol) was not characterized. If the gel used in the experiment had a slightly lower phase transition temperature, this could explain the earlier opening and later closing of the valve compared to simulation. A potential offset in the calibration of the temperature sensor would have a similar effect. As an addendum it should be mentioned that several of the used system parameters are estimations and therefore entail an amount of uncertainty with regards to experimental accuracy.
Conclusion
An equivalent circuit model of a temperature-controlled fluidic hydrogel microvalve was developed and simulation results for a setup close to an experimental setup are presented. The resulting network model includes three physical subsystems: the thermal subsystem, the polymeric subsystem and the fluidic subsystem. All subsystems are described and coupled within one single circuit. Thus the transient behavior of the valve could be calculated using a circuit simulator. The input quantity is the time-dependent power of the heater; the response is the flowrate through the valve. The response behavior is mainly determined by two mechanisms: firstly, by the RC-type response of the thermal capacitances and the hydrogel particles which act like liquid storages, and secondly, by threshold activation processes, both of the stimulation of the hydrogel phase transition and of the opening of the valve. In addition to allowing the prediction of the system response to arbitrary input power functions, the model provides access to internal quantities (such as the current particle size) that are difficult to measure experimentally. The experimental curves of the system response (the flow rate through the valve) showed a deviation of about 20% in time scale to the simulated curves.
Outlook
To improve the model, two types of amelioration could be implemented: The thermal circuit could be enhanced with more capacitor-resistor elements to provide a closer approximation to the distributed infinitedimensional system it represents and to account for the coupling to the ambient environment of all layers. The polymeric system could be expanded by changing from the parabolic approximation to a thermodynamicsbased representation of the free energy function.
Network modeling can be combined with FEM modeling to reach synergetic effects by incorporating the strengths of each approach (Starke et al. 2011) ; for example, FEM models can be used to validate the approximations made in the network model, or to extract needed parameters. Mehner et al. (2015) describe the simulation of the closing behavior of a hydrogel valve using ANSYS. Future results will help to either validate or refine the approximations made in the current network model, especially for the statereduction of the polymeric subsystem and the relatively simple model for the fluidic resistance.
The circuit description facilitates the aggregation of all components of a microvalve into a single compact model describing the whole valve. We use tools from electronic design automation for the automation in the design of microfluidic circuits .
The creation of a library of compact models for key components will significantly enhance the microfluidic design process and lead to a faster design and more versatile microfluidic chips.
